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1.0 INTRODUCTION

One of the many interesting features on Fabergé
Eggs, as produced by Russian jeweller Karl 
Fabergé between 1885 and 1917, is the Guilloche 
designs machined into the metal. (Figure 1). The 
machining technique is also used in many hand 
crafted watches and the designs were historically 
used on paper money bill to deter money fraud.

The inherent complexity of these patterns is 
mainly based on the intricate turning machines 
used in the engraving process. Several metal 
gears, and swinging pendants are combined and 
specially calibrated so when run produce an 
interesting, but often hard to replicate design.

Several pieces of software presently exist for the 
production of Guilloche patterns on a planar 
surface. However, there appears to be limited
research on curved surfaces, such as what occurs 
on a Fabergé egg. Given the rotary movement of 
a mechanical gear, construction of cycloid 
patterns in spherical geometry is a logical first 
step. The ultimate goal in reproducing Guilloche 
patterns on eggs becomes the ability to produce a 
generalized roulette pattern on the eggs.

2.0 IMPLEMENTATION

Rather than work on egg shapes directly, a reasonable approximation is to instead work in spherical 
geometry, and then deform the sphere to resemble an egg shape, adjusting the designs accordingly in 
the process. The two main parts to the task becomes creating the designs on the sphere, and then 
converting the sphere to an egg shape. 

2.1 Stereographic Roulette

Planar roulettes, the most general 2D geometric designs, can be represented parametrically in the form:

x = A * sin(Bt) + C * cos(Dt)
y = E * sin(Ft) + G * cos(Ht)

A, B, C, D, E, F, G, H being user controlled parameters, t increasing with time.

In converting this planar representation to spherical geometry, we are posed with choosing one of the 
four common projection methods. We choose to work with a stereographic projection in this case to 
preserve shape as much as possible. 

Figure 1. Spring Flower Egg. The Guilloche 
designs are apparent within the red enamel 
coating.
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Using the basic stereographic conversion, we get the following spherical coordinates:

X = 2 * x / (x2 + y2 + 1)
Y = 2 * y / (x2 + y2 + 1)
Z = (x2 + y2 – 1) / (x2 + y2 + 1)

Rendering this out onto a sphere, we immediately recognize that no radial symmetry can be obtained 
easily through this method, and given the nature of egg decorating in general, we quickly recognize this 
as a naïve approach. (Figures 2a-c)

2.2 Spherical Helix/Orthographic Epicycloid

Given that orthographic projections of spherical helixes produce epicycloids, the next logical approach 
is to experiment with spherical helixes and see if there exists a logical modification so as to produce a 
more generalized cycloid, or even a trochoid. 

*Notice that in spherical geometry, the line of a trochoid – a circle travelling along a line – becomes a 
great circle around the sphere, which is just a cycloid. However, in looking for the cycloid, we want the 
rotating circle to be continuously in contact with the sphere, as would be produced on a Guilloche 
machine.

X = r / 2 * ( (1.0 + cos(o)) * cos(w) - (1.0 – c1os(o)) * cos( (1.0 + cos(o)) / (1.0 - cos(o)) * w))
Y = r / 2 * ( (1.0 + cos(o)) * sin(w) - (1.0 - cos(o)) * sin( (1.0 + cos(o)) / (1.0 - cos(o)) * w))
Z = r * sin(o) * cos( cos(o) / (1.0 - cos(o)) * w)

Where r is the radius of the sphere, o is the angle of the helix with respect to the z axis, and w is the 
angle around the sphere over time. Accordingly, the orthographic projection produced is an epicycloid 
with the parameters:

A = r * cos (o)
B = r * sin2 (o / 2)

An epicycloid has the following parametric coordinates:

X = (A + B) * cos (o) – B * cos ( (A + B) / B * o)
Y = (A + B) * sin (o) – B * sin ( (A + B) / B * o)

Rendering this out onto a sphere, we immediately recognize that this indeed appears to be a valid 
design as might be constructed on a Guilloche machine – the spirals, the repetition of patterns, etc. 
(Figures 2a-c). However, this does not cover all possible designs, such as fancier curves as produced by 
trochoids.

2.3 Spherical Trochoids

The last technique involved mathematically parsing out how an actual circle would roll along another 
circle on a sphere – both circles being continuously in contact with the sphere.
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It becomes easy to see that this is a simple rotation problem, and can be solved in the following steps:

1. Lie a circle of the user-defined size along the z-axis, such that it lies continuously in contact 
with the sphere. (Simple math can compute this).

2. Compute a point on a circle, as it travels over time Δt.
3. Rotate the circle about the z-axis, as the arc length would have covered over Δt.
4. Rotate about the x-axis, the user-defined distance from the equator of the sphere.
5. Rotate about the y-axis, the angle which would have resulted from the distance travelled by the 

circle rolling along the Δt arc length. 

Once these transformations have been complete, the point is then located where it should appear at the 
given time t.  This gives the computations required to create a cycloid on a sphere. To generalize this to 
a trochoid, in step #2, we can move the point some user-defined distance from the rotating circle 
(inside or outside).  (Figures 4a-c).

 Simple orthographic projection on to the XY plane has been included for this technique so as to 
provide a planar representation. (Figure 4a).

2.4 Eggify

Despite some beliefs, converting a sphere into an egg is not a difficult task, and may be computed as 
followed:

For each vertex in a unit-sphere:
1. Store the y value of the vertex.
2. Based on the y value, scale the x and z values closer to the y axis.
3. Restore the y value, and return the new vertex.

In the system created, a simple computation is checked to create the egg. If the y value is less than half, 
perform a linear scale on the x and z values. Otherwise, perform a scale on the x and z values based on 
a partial sinusoidal curve as it relates to the y position. Although not perfect, this demonstrates the ease 
of sphere  egg conversion.
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3.0 RESULTS

Figures 2a-c. Stereographic projection of 
generalized planar roulette curves. Notice how 
none of the curves wrap around the sphere, nor, 
consequently, the egg shape.
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Figures 3a-c. Spherical helix orthographically 
producing planar epicycloids. It should be noticed 
that for the same parameter values, the planar 
version gives twice the density of curves as the 3D 
shapes. This is due to the curves hidden from view 
by the shell of the 3D surface.
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Figures 4a-c. Spherical Trochoids. Logically, the spherical point collection is created first, and then 
either orthographically projected to the XY plane, as noted in (a), or converted to an egg shape, as noted 
in (c). In this example, the point on the logical circle is not quite a cycloid, producing the lapping buds at 
the points of the curves.
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Figures 5a-d. An ability to add multiple curves has been implemented so as to better demonstrate the 
application to egg designing. It further demonstrates the ability to change the colour and size of the lines 
used on each design.
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Figures 6a-c. A simpler example of multiple designs.

4.0 FUTURE WORK

4.1 Generic Improvement

An obvious extension to this application is the ability to have any style of closed spherical curve 
producing designs along any other (ideally closed) spherical curve. With some effort, it should be 
straightforward to determine the arc length covered by the one curve travelling along the other, and 
perform the rotations as appropriate. Adding in a more flexible user interface to accommodate these 
variable-formed curves would also be beneficial, although perhaps a more complex undertaking.

Further, a limitation of the application is its inability to rotate the currently modifiable design around 
the sphere. This restricts designs to rotational symmetry, and does not allow for forms of translational 
symmetry. A simple rotation property can be easily added so at to rotate/translate a current design to 
another position around the sphere.
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Lastly, a final simple extension would be the use of meshes as opposed to the lines used to decorate the 
egg. Although more intricate styles may be more interesting, at the least a simple polygonal mesh 
would be more visually appealing.

4.2 Aesthetic Additions

Some further future work in order of complexity:
 An improved ‘eggify’ scaling, so as to better resemble an egg
 Ability to overlap designs
 Addition of a design style that involves engraving the design into the egg shell. A technique 

similar to CSG could be used, where the line segments are represented by thin columns. In this 
case, the 3D surface would be treated as a solid piece of material.

 Addition of design styles resembling standard pysanka painting styles and/or etching designs in 
to the egg, being able to see through the shell. In this case, the 3D surface would be treated as a 
single layered shell.

4.3 Future Research

A much more thorough analysis of this topic would include the exact simulation of the effects of 
Guilloche machinery on the metal its engraved upon. In such a case, more in-depth research in to the 
machinery itself and how it works would be in order. However, it should be noted that much of the 
Guilloche work is handcrafted, and often the patterns are controlled by the machinist working on the 
metal. In other words, automation of the design may be attempted, but even in practise many of the 
Guilloche patterns require manual user input. Perhaps further research could be put into place to reduce 
this automation, while not limiting the patterns available.
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